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Transforming the kinetic energy of the sea into renewable useful source electricity could be a relevant
technologic development in the near future. In this field, marine horizontal axis turbines (HAT) are pos-
sibly, the most important devices. The current calculation techniques used to obtain the acting forces
or loads in the marine current horizontal axis rotor blades: Actuator disc models, lifting lines and finite
element method, have certain disadvantages which lead difficulties to obtain relatively quick results, in
addition, these methods are not easy to understand and mastering, and furthermore, complex computing
tools are required to obtain results. In the present work, the common physical and mathematic funda-
mentals will be studied and analyzed with the aim to create a new easier managing calculating tool.
The proposed procedure of this document can be considered as a help towards to calculate preliminary
solutions easier, and also a starting point to manage physical ideas which could be used with other
calculation tools. And finally, the mathematic fundamentals will be explained and the implementation
of the equations in a real case. Nevertheless, due to the real complexity of the problem, the assumed
simplifications of this model must be taken into account, in order to know the possible calculating
limitations of this procedure and consequently use it correctly.

c© SEECMAR | All rights reserved

1. Introduction

In the marine renewable energy realm, there are many de-
vices that allow transforming the kinetic energy of the sea move-
ment into electricity (López 2014). The horizontal axis turbine
(HAT) with open rotor is probably one of the most important
devices, because many of technologies developed in wind tur-
bines, in the recent years, can be recycled in marine turbines
due to the analogous functioning. In addition, the marine cur-
rent turbines have an enormous potential in electricity generat-
ing, because, in certain geographical areas (Scotland’s North,
Gibraltar’s Strait), it exist great extracting energy possibilities
from tidal or inertial currents (López 2011). All these argu-
ments provide, from a theoretical point of view, optimum elec-
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trical generating conditions, and thus, the marine HAT is the
most suitable device for this activity.

Marine HAT functioning, as it was said above, is analogous
with wind turbines, the basic principle is the loads or forces
generated in its blades when a fluid current, which in this case is
sea water (Bahaj 2007, Batten 2008), is passing through them.
These forces or loads move the turbine rotor which also moves
an electric generator. At the current time, there are various tech-
niques used to calculate these hydrodynamic forces in a rotor
blade. Depending on the nature and focus in each of them, the
techniques could be classified among the following groups:

a) Actuator Disc Method.

b) Lifting Line Method.

c) Finite Elements Method.

Each one of these methods or techniques has advantages
and disadvantages when they are used to obtain results of a cer-
tain rotor. Maybe the most important common inconvenience
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for all of them is the conceptual complexity, which leads in ex-
tremely hard to handle tools and great difficulty in understand-
ing, in a relative few time, all the concepts and mastering the
calculating steps.

From the state of the art analysis, it could be concluded that
there is a great conceptual scattering and the lack of explanation
the basic fundamentals ideas used in the articles and documents
related with marine turbines (Nichols 2013). So that, at first
moment, the idea of trying to extract the main mathematical
fundamentals, in order to understand the principles, and then
obtaining optimal geometric rotor blade designs encouraged the
starting of this work.

Finally, the purpose has been achieved by creating a new
tool, which can be used at first instance to estimate the static
blade HAT (Kolelar 2013) loads and the power extracted in a ro-
tor (Collier 2013), but, without using excessively complex fluid
mechanics concepts. In this way, this alternative method or pro-
cedure will consist in a 3D rotor modeling which allows obtain-
ing preliminary results and also could be used as a starting point
to manage the most important mechanical fluid concepts con-
cerned in marine turbines, in order to make an intermediate step
before studying and mastering the advanced techniques written
in the list above.

2. Mathematic Fundamentals

The main basic idea that inspire this new calculating pro-
cedure, is the wake created behind an airplane, which can be
observed in many publications and photographies, such as the
showed in Figure 1, extracted from the Reference 1 (Pijush, Co-
hen, Rowling 2011). The velocity field in the wake, are mainly
formed by two vertexes which have the same vorticity, it means
that the fluid around each vertex is rotating with the same circu-
lation’s intensity but with the opposite sense. This velocity field
is described and studied in various documents related with the
Fluid Mechanics, such as the showed in Reference 2 (Milne-
Thompson 1968), with the corresponding equations.

Supposing that, these two vertexes are part of the same ver-
tex line, and according with the First Helmholtz Theorem, which
establishes that the circulation’s intensity remains constant along
a vertex line, thus, it is expected that the wake formed behind
a marine turbine blade is analogous with the wing airplane; de-
spite in this case, the movement of the blade is rotational. This
is the main hypothesis, and all the following mathematical de-
velopment is based on it.

At first, in order to start the analysis of the velocity field in
marine horizontal-axis turbine blade, it is necessary to define a
control volume that contains a blade, the geometry of the fron-
tier surface is formed by six planes and eight corners named by
the letters ABCDEFGH. The arrangement of these control sur-
faces is showed in Figure 2. The sea water fluid particles entries
in the volume control, with the current velocity, named by the
letter U, through the surface BCFG, and also the fluid particles
are entering the control volume with the rotor rotational veloc-
ities ωr through the surface ABCD; where ω is the rotational
angular velocity and r is the distance between the rotor’s origin
and a determined radial position in the blade. On the other side,

Figure 1: Wake produced behind an airplane.

Source: Authors

the water leaves the control volume trough the surfaces defined
by the corners ADEH and EFGH. Finally, it can be considered
approximately, that there is no fluid particle passing through the
surfaces ABFE and CDGH. If a is the rotor hub radius, b is the
blade radius, Z the number of blades and z the axis in the fluid
current direction, the control volume is represented in Figure 2.

In the surface EFGH, owing to the main hypothesis made
before, the blade wake is mainly formed by two vertexes, V1
and V2. If Γ is the intensity circulation of these vertexes, and vr ,
vz the velocity components in r and z directions respectively, the
velocity field produced in this plane is defined by the following
equations and represented in Figure 3.

vr =
Γ

2π

[
z

(r − a)2 + z2 −
z

(r − b)2 + z2

]
(1)

vr =
Γ

2π

[
−

r − a
(r − a)2 + z2 −

r − b
(r − b)2 + z2

]
(2)

These equations above are deducted from expressions stud-
ied in the Reference 2 (Milne-Thompson 1968), in which the
complex velocity potential produced by two vertexes is repre-
sented. The main changes made are: to transform the complex
velocity into a two real variable function and a origin transla-
tion, in order to set up the velocity field in its correct spatial
location.

The last consideration is about the perpendicular velocities
to the planes EFGH and ACDH, as it was said before, by these
planes the fluid leaves the control volume. These velocities will
be treated as unknown variables named by U∗ in the case of
the plane ACDH, and v∗ωr in the plane EFGH, as it is showed in
Figure 4, and it is supposed that they only are r depending, thus
U∗ = U∗(r) and v∗ωr = v∗ωr(r).

The following mathematical development is based on the
mass, momentum and energy volume control equations, com-
bined with the two dimensional foil theory, which establish that
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Table 1: Advantages and disadvantages of calculating methods used marine turbines.

Actuator Disc 
Method

Lifting Line 
Method

Finite Element 
Method

Alternative 
proposed procedure

Advantages
Conceptually 

Intuitive 

Most common 
used method.

Great accurate 
results can be 

obtained

Based on basic fluid 
mechanics concepts.

Very real 
approximated 
results can be 

obtained.

3D rotor 
detailed models 
can be carried 

out. 

It could be an 
intermediate step in 
order to manage an 
advanced tool in the 

future.

Can be programmed 
in a calculating sheet 
or other easy-using 

calculating tool.

Disadvantages

Not easy to 
implement a 
certain rotor 

geometry The master of 
complex fluid 

mechanics ideas 
and formulation 

is required.

Great time and 
work 

consuming.

The possible results 
must be checked.

Non-rigorous 
Mathematic ideas 
are used trying to 

estimate the 
induced velocities. 

Great 
calculating 

power machines 
and software are 

required.

Complex fluid 
phenomena’s are not 
taken into account.

Source: Authors

Figure 2: Blade’s control volume layout.

Source: Authors

Figure 3: Velocity field in the control surface EFGH.

Source: Authors
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Figure 4: Representation of U∗ and v∗ωr schematically.

Source: Authors

when a foil is in a moving fluid of density ρ at velocity V , it
produces two forces in the foil, one parallel to V , and the other
one is perpendicular named by D and L respectively.

L =
1
2
ρcLcV2 (3)

D =
1
2
ρcDcV2 (4)

In the equations above, c represents the chord of the foil and
it is the distance between the attack edge and the trailing edge.
The lift coefficient is cL and the drag coefficient is cD, these
two coefficients are depending mainly on the geometry of the
foil and the angle which the foil forms with V (attack angle).
Calling α and β to the angle which V and the foil forms with
a horizontal reference respectively, then the attack angle γ , in
which cL and cD functions are depending of (cL = cL(γ) and
cD = cD(γ)) , is related with α and β according to the following
equation.

α = β − γ (5)

If the forces L and D are projected in the horizontal and ver-
tical directions, as it is represented in Figure 5. The horizontal
component l must be supported by the blade structure and thus
it is a static load. The vertical component q is the force which
produces the rotor movement, so that the expressions of l and q
are:

q =
1
2
ρcLcV2 cosα −

1
2
ρcDcV2 sinα

=
1
2
ρcV2(cL cosα − cD sinα)

(6)

Figure 5: Forces applied in a blade section.

Source: Authors

l =
1
2
ρcLcV2 sinα −

1
2
ρcDcV2 cosα

=
1
2
ρcV2(cL sinα − cD cosα)

(7)

A important aspect to take into account is that actually the
velocity V and the angle α are both unknown variables, never-
theless, on one side V can approximated to V ≈

√
U2 + (ωr)2,

and on the other side α is depending on β and the attack angle
γ, according to equation (5). So that the expressions of l and d
can be written depending only in the unknown attack angle γ.

q =
1
2
ρc

[
U2 + (ωr)2

] [
cL cos(β − γ) − cD sin(β − γ)

]
(8)

l =
1
2
ρc

[
U2 + (ωr)2

] [
cL sin(β − γ) + cD cos(β − γ)

]
(9)

To sum up, the unknown variables of the problem are: v∗ωr
, U∗, Γ and the attack angle γ. The blade geometry is defined
by the two dimensional foil selected with its chord c and the
geometric pitch angle β, at every r section.

2.1. Equation Resolution
Due to the nature of the developed equations, a numerical

solving method must be used, and it consists in divide the blade
in a finite number of sections, being δr the radial length of these
sections. Every section will be identified, in the calculating
steps, by the sub-index k. In this way, k will be equal to 1
in the nearest hub blade section, and in the blade end section k
will be n. Thus, it results obviously that summing all the length
sections is equal to the blade length. The following equation
represents this consideration.

n∑
k=1

δrk = b − a (10)
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Using this numerical method, despite the equations are fairly
complicated, it is not very hard to implement them in an excel
file or similar calculating tool, with the advantage of obtain re-
sults in real time.

The first step to made, with the aim of solving the deducted
equation system is to define the number of sections (n) in which
the blade will be divided and the section geometrical features.
Each one of these, are named as was said before, by the sub-
index k. Depending on the spatial position, a radial variable rk

is assigned to every section.
Since a is the rotor hub radius and b is the blade end ra-

dius, the auxiliary functions ϕ, λ and µ can be calculated. The
mathematical expressions of these functions are showed in the
scheme provided in Figure 6. It is important that ϕ, λ and µ ,
despite they are integral expressions, they are depending only
in a , b, the number of rotor blades Z and the positional radius
of every section rk . So that, if the geometrical blade features;
such as the section two dimensional profile, the chord section
or the pitch angle; are changed these auxiliary functions will re-
main constant, which leads that they only have to be calculated
only in the case when a, b, or Z were changed.

The solving procedure is based on estimating and error-test
principle, at the first moment it will be useful starting by sup-
posing zero attack angle γk distribution. With this blade attack
angle distribution, as it is showed in Figure 6, the unknown ve-
locities v∗ωrk

and U∗k can be obtained. Following the diagram, the
next step will calculating the circulation’s intensity Γ ,which as
it can be observed the equation is relatively complex, thus when
it was programmed, several revisions must be made to avoid
calculating errors. The circulation Γ is the variable which links,
in a mathematical way, all the blade sections, because every of
them are represented in the equation. The final step is obtain-
ing the ψ(rk) values of every section, if they are approximately
zero, then the attack angle distribution γk supposed at first is a
system solution, and with these the blade loads or forces can be
obtained, and also the rotor power coefficient.

To sum up, having a defined rotor and blade geometry, the
goal of this procedure is to obtain the attack angles γk of each
blade section that made the auxiliary value ψ(rk) ≈ 0 or instead
the nearest zero as it was possible. To achieve this, several iter-
ations must be carried out, and for this reason, a calculating tool
must be used (It is recommend to implement it on a calculating
sheet, excel file or similar).

2.2. Betz Compatibility

It would possible that there were several rotor and blade ge-
ometries which were not compatible with the equations stated
in this procedure, it means that attack angles which made ψ(rk) ≈
0 does not exist, in this case the whole geometrical parameters
must be revised.

Another problem that could happen when the equations are
implemented in a real case is that there were certain blade and
rotor geometries which could have the power coefficient higher
than Betz’s limit (0,592). In this case, the blade geometry must
be modified. To avoid this problem, several restrictions must be
applied into the pitch angles and/or chord blade distributions,

and in that way, the blade and rotor geometry will become com-
patible with the Betz’s Theorem.

As it was said in the before section, aiming to solve the
equations, the blade is divided in a finite number of sections,
and each of them contributes to the rotor movement. With this
idea, the power coefficient (Fraenkel 2002, Ragheb 2010) can
be written by the formula:

cP =

1
2 Zω

∑n
k=1 rkckV2

k
(
cLk cos(βk − γk) − cDk sin(βk − γk)

)
δrk

1
2πb2U3

(11)
The lower part of the division above represents the kinetic

energy per time unit of the sea current. On the other side, in the
upper part of the division, there is the power that the rotor has
in its rotational movement. And between parentheses, in the
upper part also, there is the difference of the lift and the drag
actuating section forces. If in that difference, the drag force
term is neglected, the equation 11 will transform into:

cP ≤ cP
∗ =

Zω
∑n

k=1 rkckV2
k cLk cos(βk − γk)δrk

πb2U3 (12)

So that, if the rotor blade geometry satisfies the condition in
which the theoretical maximum power coefficient cP

∗ is lower
than the Betz’s limit (0,592), then that geometry will be consid-
ered Betz’s Theorem compatible.

Nevertheless, as it was explained in the precedent section,
the attack angles γk will be determined by the equations de-
ducted and showed in the calculation diagram of Figure 6, and
they must satisfied the condition of the auxiliary values ψ(rk)
have to be approximately zero. This consideration leads that,
possibly at a first moment; rotor blade geometry could pass the
cP
∗ restriction, but with estimated attack angles. It could hap-

pen that geometry configuration with the final calculated attack
angles, do not pass the cP

∗ restriction. In this case, pitch an-
gles and/or chord blade distributions must be modified, or even,
changing the section two dimensional foil.

Finally, it is important to notice that the attack angle val-
ues will be only solutions when the following conditions are
satisfied: The ψ(rk) are approximately zero values and the the-
oretical rotor power coefficient is lower than the Betz’s limit.

3. Results

In this section the equations of the procedure are to be im-
plemented in a case of a real turbine rotor. The relevant tech-
nical information is extracted from the publication of the Ref-
erence 14 (López 2011), and it corresponds with the rotor of
GESMEY generator GSY-A6.5 prototype. This rotor has 20
meters diameter and three blades, which leads in b=10 m and
Z=3, using the present article notation. This rotor is intended to
generate 600 kW with a rotational speed of 12 RPM and with a
marine current speed of 2 m/s. The rotor hub radius is no spec-
ified, but it can be estimated in approximately 1 meter (a=1 m).

The blade geometry details are not specified neither, but a
commonly used configuration will be implemented. In one side,
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Figure 6: Calculation steps diagram.

Source: Authors
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Figure 7: Graphic attack angle representation.

Source: Authors

the chord distribution will be linear decreasing from the hub
section to the blade end, and on the other side, the geometry
sections will be defined by the two dimensional foil NACA 63-
212. Finally, the pitch angle distribution has increasing values,
in the sections near to the rotor hub and fairly decreasing values
at the blade end.

In Table 2, it can be observed that the blade has been di-
vided in 20 sections of δr = 0, 45m, the pitch angle and chords
distributions are showed in the fourth and fifth columns starting
by the left. In the last column there are the ψ(rk) values, and it
can be checked that all of them are near zero values.

The attack angle distribution is located in the second col-
umn starting by the right, and in Figure 7, the graphic evolution
of attack angles has been plotted.

As it was stated in previous section, the first step to made, in
order to use this hydrodynamic method is to obtain the auxiliary
variables which are ϕk, µ(rk) and λ(rk), and they values are in
located the third, fourth and fifth columns of Table 2 starting
again by the right. And finally, in the central columns there are
the values of lift and drag coefficients corresponding to a NACA
63-212 two dimensional profile.

By solving the equations with the help of a calculating sheet,
the attack angles are obtained, with these values, the power co-
efficient obtained is cP = 0, 45, and the rotor power is 580 kW,
which is a very approximated to the 600 kW expected in the ini-
tial considerations. The maximum theoretical power coefficient
is cP

∗ = 0, 47, and that implies that the geometry selected is
compatible with the Betz’s limit. Finally, the circulation inten-
sity reaches the value Γ = 5, 76m2/s.

Other important aspect, are the values of U∗ and v∗ωr veloc-
ities. In Table 3, it can be noticed that the value of U∗ is a little
lower than the 2 m/s current speed. It is seemed logical, be-
cause when the fluid pass through the rotor it results affected
and so that the fluid particles reduce its speed.

The rotor blade structure must support the static loads lk .
The values of lk located on each section are increasing along
the blade, in the hub section the static load is equal to 1294,85
N and 14678,73 N in the blade end section. This distribution
generates, in the hub-blade connection, a static reaction force

Table 3: U∗ and v∗ωr distributions.

Source: Authors

which reaches 80063,15 N and total momentum of 585576,30
Nm. In Figure 8 these distributions are plotted, and with the
purpose of enhance the graphic, scale factors are applied to lk
and the shear force distributions. Figure 9 shows the blade’s
surface in a 3D model.

4. Conclusions

The alternative hydrodynamic procedure proposed in this
article, has important conceptual differences compared with other
calculating techniques used in marine turbines. In one hand,
in the lifting line and actuator disc methods, one of the basics
ideas is the generating of induced velocities in the fluid when it
passes through the rotor. The use of induced velocities has the
inconvenience that it is no easy to understand, and in many oc-
casions, authors use complicated formulas and considerations,
in order to obtain its values and how it affects to the attack an-
gle in each blade section. In this alternative procedure, on the
other hand, the induced velocities concept is not used, and the
attack angles are treated as unknown variables which will be
determined by the control volume equations.

Despite the equations of the method are not simple, it is
not a very complicated task to implement them in a calculating
sheet or other similar tool, and the results are almost in real
time, so there is not a time computing lapse.

Other advantage of the method is that it can be very use-
ful for students who are starting in the hydrodynamic related
to marine turbines. The concepts and mathematical fundamen-
tals are not extreme complex and also are analogous to other
techniques and ideas.
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Table 2: Blade geometry distributions.

Source: Authors

Figure 8: lk Shear force and bending momentum distributions.

Source: Authors
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Figure 9: 3D blade model.

Source: Authors

The creation of a new 3D method that allows estimating the
static and dynamic loads produced in a horizontal axis marine
turbine, without using complex calculating tools or method,
was the goal of this work at first, and it has been achieved. The
obtained results are not very far of the reality, nevertheless it
must be tested much more in the future, and other readers must
be critic the fundamentals, and so, possible corrections and en-
hancements could be introduced.
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