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The issues of collision avoidance of vessels are becoming increasingly important in the contemporary
world due to the increase in the number and dimensions of vessels. In situations of dangerous con-
vergence, various types of interaction between vessels are possible. The methods of compensating for
situational disturbance are selected depending on the level of its danger. For this purpose, it is nec-
essary to build an analytical model for forming the area of inadmissible positions in such a way that
its boundary corresponds to the zero probability of a vessel collision. The main characteristics of the
danger are the distance and/or time of the shortest convergence. The article proposes a characteristic of
the maximum time for the start of a divergence maneuver, which determines the possibility of its safe
implementation. A method for predicting this maximum start time of a divergence maneuver is con-
sidered taking into account the ratio of the speeds of the maneuvering vessel and the target. Analytical
model for the implementation of the proposed method is given.
The proposed method provides the operator of the vessel traffic management system (VTMS) with the
opportunity to make timely decisions to collision avoidance of vessels. In addition, automatization of
VTM can provide significant assistance for the development of future unmanned shipping, ensuring
safety navigation.
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1. Introduction.

A feature of modern navigation is the steady increase in the
volume of cargo transportation by vessels of various sizes and
purposes [1].

In such conditions, maneuvering becomes increasingly com-
plex, and bridge personnel have to predict the movement of
neighboring ships and make decisions to collisions avoidance
in increasingly shorter periods of time. Therefore, the issues of
collision avoidance of vessels are considered in numerous sci-
entific publications from various theoretical positions and tak-
ing into account the specifics of practical experience of naviga-
tion in various basins of the world [2; 3].

A method for forming flexible strategies for avoiding a ves-
sel with several dangerous targets using locally independent
control methods and fuzzy logic methods, which takes into ac-
count the requirements of COLREG-72, navigational hazards
and vessel dynamics, are proposed in [4; 5].

The paper [6] examines the types of interaction between
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vessels of different types in various situations of dangerous con-
vergence and methods of compensating for situational distur-
bances depending on the level of its danger.

The principles of locally independent and remote control
of the process of divergence of dangerously converging vessels
are considered in the work [7]. It also provides an analysis of
the methods of their implementation and considers promising
current methods of increasing the safety and collision avoidance
of vessels.

The collision avoidance between vessels in a situation of
their excessive proximity is studied in the work [8], which also
proposes a strategy for emergency divergence.

In works [9; 10], a method is proposed for taking into ac-
count navigational risks in the maneuvering area and the inertia
of the vessel when calculating the parameters of its divergence
strategy, and in work [11], a method is presented for selecting
the optimal maneuver for diverging a pair of vessels by chang-
ing course.

The publication [12] indicates that the vessel traffic man-
agement system (VTMS), as a rule, does not have the technical
capabilities to control the movement of vessels in areas of their
accumulation. To avoid collisions, a new fuzzi method is pro-
posed in the article. By using an analytical model of the marine
geographic information system (GIS), an accurate prediction of
the collision time and position can be obtained. The proposed
method gives the VTMS operator the opportunity to make de-
cisions to prevent collisions of vessels.

In [13], the process of divergence of courts is formalized in
terms of a differential game. A comparison of five algorithms
for determining the safe trajectory of the vessel in a collision
risk situation is carried out; the results are illustrated by exam-
ples of computer modeling of algorithms for determining safe
and optimal trajectories of own vessel in real navigation situa-
tions at sea.

In the works [14; 15] it is shown that research on ship con-
trol automation can be presented by a classical approach based
on mathematical models and algorithms. Computer technolo-
gies using artificial intelligence (AI), neural networks (NN) or
their combination in hybrid systems can also be used [16].

The aim of the article is to develop a method for predicting
the maximum start time of a divergence maneuver.

2. Mathematical model for areas of unacceptable positions.

2.1. Collision hazard characteristics.

Each of the vessels is associated with a two-dimensional re-
gion S nd, called the region of inadmissible positions (domain),
into which it is undesirable for any foreign objects to enter. The
region of inadmissible positions S nd is formed in such a way
that its boundary corresponds to a zero probability of vessel
collision.

The risk of collision arises when a vessel is predicted to en-
ter the area of inadmissible positions S nd of the partner. It indi-
cates the upcoming inadmissible situation in advance, based on
the forecast of the change in the relative position of the pair of

vessels. The risk of collision is conditional, since its truth is af-
fected by the possible actions of the vessels before reaching the
inadmissible situation. Obviously, the risk of collision arises
when the predicted value of the closest approach distance Dmin
is less than the value of the maximum permissible approach dis-
tance Dd, the value of which depends on the shape of the area of
inadmissible positions and the angle of the converging vessels.

The second characteristic of the collision risk is the time of
closest convergence, i.e. the moment of time of achieving the
closest convergence. However, as a more informative charac-
teristic concerning the divergence process, we can propose the
maximum start time of the divergence maneuver tdi, the mean-
ing of which has the following interpretation. If, in the presence
of a collision hazard, the distance between the vessels exceeds
the value Dd, and the operating vessel can ensure the maximum
value of the closest approach distance maxDmin by its maneu-
ver, for which maxDmin > Dd, then it is in an acceptable po-
sition. Over time, with unchanged parameters of the vessels’
movement, the distance between them decreases and the mo-
ment of time tdi occurs when the equality maxDmin = Dd is
achieved.

With further approach of vessels with program parameters
of movement maxDmin < Dd, the operating vessel falls into a
subset of unacceptable positions, and no course change maneu-
ver will allow it to pass the target at a distance of Dd.

2.2. Analytical expressions for calculating the start time mo-
ment of maneuvering.

2.2.1. The speed of the operating vessel is greater than the
speed of the target.

Let us define an analytical expression for calculating the
moment of time tdi when the operating vessel avoids a collision
by changing course, taking into account the ratio of the speeds
of the operating vessel and the target. First, let us consider the
case when the speed of the operating vessel is greater than the
speed of the target, i.e. ρ ≥ 1 (Fig. 1). Obviously, in this case
the moment of time tdi is determined when the operating vessel
reaches the boundary of the region of unacceptable positions of
the target, and the equality D(tdi) = Dd is valid.

Figure 1: To determine tdi at ρ ≥ 1.

Source: Authors.

where:
O = Operating vessel.
C = Target.
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tdi = Estimated start time of the divergence maneuver.
D(tdi) = Dd = Distance the target goes to the encounter.
Kot = Initial direction of vessel movement.
α and D = Initial values of bearing and distance to the tar-

get.
In work [14], the dependence of the current distance D(t) on

time t was obtained with constant parameters of relative motion
Kot and Vot

D(t) =
√

V2
ott2 + D2 − 2DVott cos(Kot − α)

where Kot – initial relative course, degrees;
Vot – initial relative velocity, knots.
We can write the equation:

D(tdi) =
√

V2
ott

2
di + D2 − 2DVottdi cos(Kot − α) = Dd

from which it follows:

V2
ott

2
di + D2 − 2DVottdi cos(Kot − α) = D2

d

We rewrite the last equation in the following form:

V2
ott

2
di − 2DVottdi cos(Kot − α) + D2 − D2

d = 0

or
t2
di − 2ktdi + q = 0, (1)

where:

k =
D cos(Kot − α)

Vot

q =
D2 − D2

d

V2
ot

Solving equation (1) for the variable tdi we obtain:

tdi,1,2 = k ±
√

k2 − q

Substituting the values of k and q, we find the roots tdi1 and
tdi2:

tdi1 =
D cos(Kot − α)

Vot
+

√
D2 cos2(Kot − α)

V2
ot

−
D2 − D2

d

V2
ot

=
1

Vot

{
D cos(Kot − α) +

√
D2

d − D2[1 − cos2(Kot − α)]
}

or =
1

Vot

{
D cos(Kot − α) +

√
D2

d − D2 sin2(Kot − α)
}

tdi2 =
1

Vot

{
D cos(Kot − α) −

√
D2

d − D2 sin2(Kot − α)
}

Please note that the moment of time tdi of reaching the bound-
ary of the area of unacceptable positions by the operating vessel
corresponds to the root tdi2 of equation (1) – point A in Fig. 1.
Therefore:

tdi =
1

Vot

{
D cos(Kot − α) −

√
D2

d − D2 sin2(Kot − α)
}

(2)

The correctness of the obtained analytical expression for the
calculation is confirmed by the analysis of Fig. 1, from which it
follows that:

tdi =
OA
Vot

In turn, OA = OB − − AB, with OB=D × cos(Kot − α) and

AB=
√

D2
d − D2sin2(Kot − α). Therefore, formula (2) is correct.

2.2.2. The speed of the operating vessel is less than the speed
of the target.

If the speed of the operating vessel is less than the speed of
the target, i.e. ρ < 1, then to derive the expression for calculat-
ing the value of tdi we will use Fig. 2. To determine the moment
of time tdi, i.e. the turn to the extreme evasion course, we will
use Fig. 2.

Figure 2: To determine tdi at ρ < 1.

Source: Authors.

From Fig. 2 it follows:

tdi =
OM
Vot

The desired value OM is determined from the expression:

OM=
x

sin(Kot − Knew)
.

Course Knew is the relative extreme course at which the max-
imum value of the closest convergence distance maxDmin is
achieved, and

Knew = p + K2 ± arcsin ρ,

where ρ = V1/V2 and V2 > V1; K2 – target course.
In turn,
x = y − Dd and y = ∆yD × sin(Knew − a),
where ∆y = sign[sin(Knew − Kot)] = ±1.
So,

tdi =
∆yD sin(Knew − α) − Dd

∆yVotn sin(Kot − Knew)
(3)

Thus, for the case ρ < 1, the calculation of the moment of
time tdi is performed using expression (3).
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Consequently, in the case of choosing a divergence maneu-
ver by the changing the operating vessel course, the moment of
time tdi is calculated using the expression (4):

tdi =


D cos(Kot − α) −

√
D2

d − D2 sin2(Kot − α)

Vot
, ρ ≥ 1;

∆yD sin(Knew − α) − Dd

∆yVot sin(Kot − Knew)
, ρ < 1.

(4)

3. Results.

The task of choosing the optimal maneuver is very com-
plex, since the process of controlling the ship’s motion is rich
in nonlinear and non-stationary characteristics, and the task is
to be of a gaming nature. The research is of a theoretical nature,
considering the possibility of describing the vessels divergence
process and its forward modeling. The initial data for ρ = 1
(ver. 1) are presented in Table 1. Variable characteristics for
modeling the calculation process are marked in green.

Table 1: The initial data (ver. 1).

Source: Authors.

The application of the obtained formulas (2) gives, with the
specified initial data, the resulting time for the operating vessel
to reach the boundary of the area of unacceptable positions. For
the specified data, we have the entry time and exit time within
the target:

t1= 0,78 h;
t2= 1,21 h.
The calculation of the change course angles from the initial

one is given in Table 2. It is obvious that when approaching the
moment of meeting, the angles become larger and less conve-
nient for performing the maneuver.

On Table 2:
Green = Optimal angle.
Yellow =Warning angle.
Orange = Collision risk angle.
Taking into account the recommended restrictions on the

change of the vessel course in 0–20o, in order to collision avoid-
ance, we see the division into three zones of action (Fig. 3).

Table 2: Angle of course change at different moments of time.

Source: Authors.

Figure 3: Modeling of a change in the operating vessel course
(ver. 1).

Source: Authors.
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For the initial data for ρ = 1 (ver. 2), presented in Table 3,
the results of modeling a change in the operating vessel course
are shown in Table 4 and Fig. 4.

Table 3: The initial data (ver. 2).

Source: Authors.

Table 4: Angle of course change at different moments of time.

Source: Authors.

Figure 4: Modeling of a change in the operating vessel course
(ver. 2).

Source: Authors.

For the specified data, we have the time of crossing the
safety limits: t1= 0,84 h; t2= 1,02 h.

The initial data for ρ < 1 are presented in Table 5.

Table 5: The initial data for ρ? < 1.

Source: Authors.

The results of modeling a change in the operating vessel
course for ρ < 1 are shown in Fig. 5.

Figure 5: Modeling of a change in the operating vessel course
for ρ < 1.

Source: Authors.
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Let’s calculate the new vessel course Knew, assuming that
the target course is K2=160o:

Knew = 180◦ + K2 ± arcsin ρ =

10◦

310◦

where ρ = V1/V2 and V2 > V1; K2 – target course.
We substitute in (4) and get the time tdi before the start of

the U-turn maneuver:

tdi =
(−1) × 20 × sin

(
310o − 35o) − − 13, 33

(−1) × 5 × sin(40o − 310o)
= 1, 32 (hours)

At the same time, the course change is quite significant (by
90◦), and it can be performed only by reducing the vessel speed.
However, this value is calculated for an extreme convergence,
which is not optimal, since the maneuver at the very beginning
of target identification is more favorable, with a course devia-
tion from 40◦ to 10◦.

4. Discussion.

The generalization of changing the ship’s direction is given
in Table 6.

Table 6: Changing the vessel course direction.

Source: Authors.

Values colored blue in Table 6 indicate conditions that are
not suitable for safe navigation and are emergency, and the ves-
sel may be damaged via heeling or otherwise.

If the divergence maneuver is performed by the operating
vessel braking, then the time moment tdi is calculated for the
situation when the vessel stops as a result of braking, and the
closest approach distance is equal to the maximum permissible
distance. Obviously, at the moment the operating vessel stops,
the relative course is equal to the reverse course of the target,
which is stationary in relative motion, i.e. Kot = K2 + 180, and

the relative speed is equal to the speed of the target. Taking into
account the above, expression (3) can be used to calculate tdi,
taking Knew = Kot :

tdi =
∆y × D × sin(K2 + 180 − α) − Dd

∆y × Vot × sin(Kot − K2 − 180)

The expressions obtained for calculating the time tdi do not
take into account the vessel dynamics. Therefore, taking into
account the maneuvering vessel dynamics, the value of the mo-
ment of time tdi is determined by the expression:

t∗di = tdi − ∆t ,

where ∆t is the time correction via the vessel dynamics.
In some cases, instead of changing the course, it is reason-

able to wait until the target moves to a safe distance without
changing the operating vessel direction. In this case, it is nec-
essary to determine the time of the extreme stop of the vessel.
Let’s calculate for the above conditions:

tdi =
∆y × D × sin (K2 + 180 − a) − Dd

∆y × Vot × sin(Kot − K2 − 180)
= 0, 70 (hours) .

An extreme stop of the vessel can also be performed at an
arbitrary moment of time up to 0,7 h for a safer situation. Af-
ter passing the target to a safe area, the vessel movement is
resumed in the previous course.

Conclusions.

• It is proposed using the maximum start time of the diver-
gence maneuver to ensure its safe navigation.

• A method for predicting this time is proposed, taking into
account the ratio of the speeds of the operating vessel and
the target.

• Analytical expressions are given for the implementation
of the proposed method.
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